We present conditions under which all solutions of the fractional differential equation with the Caputo derivative
Introduction
In the asymptotic theory of n−th order nonlinear ordinary differential equations y (n) = f (t, y, y ′ , . . . , y (n−1) )
the classical problem is to to establish some conditions for the existence of a solution which approach to a polynomial of degree 1 ≤ m ≤ n − 1 as t → ∞.
The first paper concerning this problem was published by D. Caligo [3] in 1941. He proved that if
for all large t, where k, ρ are given, then any solution y(t) of the linear differential equation
can be represented asymptotically as y(t) = c 1 t + c 2 + o(1) when t → +∞, c 1 , c 2 ∈ R (see [1] ). The first paper on the nonlinear second order differential equations
was published b W. F. Trench [27] (1963) . He proved a sufficient condition on the existence of a solution of the equation (5) which is asymptotic to a + bt as t → +∞, for some real numbers a, b. Different conditions under which all solutions of the equation
is approaching to a + bt as t → ∞ for some real numbers a, b. The asymptotic behavior of solutions of this type of equation has been discussed by D. S. Cohen [5] (1967), J. Tong [26] (1982), T. Kusano and W. F. Trench [10] (1985) and [11] (1985) and others. This problem has been solved for the equation
by F. M. Dannan [8] (1985) , A. Constantin [6] (1993) and [7] 2003) and others. In the proofs of their results the key role plays the Bihari inequality (see [2] ) which is a generalization of the Gronwall inequality. Some results on the existence of solutions of the n-th order differential equation 
are asymptotic to a + bt as t → ∞ for some real numbers a, b are proved in [17] (2008) and some sufficient conditions for the existence of solutions of the equation
where Φ : R → R is an increasing homeomorphism with a locally Lipschitz inverse satisfying Φ(0) = 0 are given in the paper [16] (2010). The aim of this paper is to give some conditions under which all solutions of the fractional differential equation (1) are asymptotic to a+bt as t → ∞ for some real numbers a, b. The proof of this result is based on a desingularization method proposed by the author in the paper [14] (see also [15] ) in the study of nonlinear integral inequalities with weakly singular kernels.
Fractional Differential equations with the Caputo's derivative
Consider the initial value problem
is the Caputo derivative of the order α ∈ (1, 2) of a C 2 -scalar valued function
dt 2 . This definition has been given by M. Caputo in the paper [4] . For the definition of the Caputo derivative of order α ∈ (n − 1, n), n ≥ 1 see [20] and also the monographs [18] , [25] . We assume that any solution x(t) of this problem exists on the interval [a, ∞). One can show that the initial value problem (11) , (12) is equivalent to the integral equation
Since α > 1 the function x(t) is differentiable and therefore (14) yields
Lemma 1 (see [22] , [13] ) Let β, γ and p be positive constants such that
where
and the function f (t, u) satisfies the following conditions:
(ii) There are continuous nonnegative functions h : R + := [0, ∞) → R + , g : R + → R + , and γ > 0 with p(γ − 1) + 1 > 0 such that
Then every solution x(t) of the equation (11) is asymptotic to c + dt for t → ∞, where c, d ∈ R.
Proof. By applying the condition (17) we obtain from the (14) and (15) 
This yields the inequality
If we denote by z(t) the right-hand side of the inequality (22) we obtain the inequalities:
Since the function g is nondecreasing, the inequality (23) yields
and from (22) we obtain
0 < β = α − 1 < 1. By applying the Hölder inequality and Lemma 1 we obtain where
Using this inequality and the elementary inequality (a + b)
If we denote u(t) = z(t) q , i.e. z(t) = u(t)
Denote
Since Ω(u) = q 
Since u(t) = z(t) 1 q we obtain that z(t) ≤ K := K q 0 and from (24) , (25) we have
From the condition (ii) of Theorem 1 we have 
so the proof is now complete.
Example
Let p > 1, α = 2 − 
Therefore the function f (t, u) satisfy the conditions (i)-(iii) of Theorem 1.
